The statistical moment-based damage detection method with approximate parametric solutions of the stationary second-order moments of the response is proposed for damage detection of a bridge. The method is based on an approximate explicit solution recently proposed by the authors, which allows to explicitly relate second-order moments of the nodal displacements and velocity to the structural stiffness. Application on a bridge is reported to check the consistency of the method and to investigate the influence of the entity of the damage and of the application point of the force on the identification procedure.
INTRODUCTION
Moment based approaches proved to be quite effective in the identification of structural damages and positions. Statistical measures of the response under stochastic excitation have succeeded numerically and experimentally both in the non-linear and linear settings.
Nonlinearity arising from a breathing crack affects higher order statistics which can be exploited to detect and locate stiffness discontinuities with high accuracy [1] - [5] .
Statistical moments are suitable damage indices also if linear behavior is preserved when the damage arises. In fact they are sensitive to local structural damage but insensitive to measurement noise so that the statistical moment-based damage detection (SMBDD) method can be conveniently resorted to [6] , [7] . The SMBDD method can be more effectively employed if approximate parametric solutions for nodal stationary statistical moment are available. The benefit of having explicit solutions is conspicuous when the least squares method is applied because the residual between the simulated response and the actual statistical moments is parameterized with respect to the quantities to be identified. This offers great convenience in applying Newton's method to search for the parameters of stiffness and damping inversely when the objective function is minimized. The parametric relationship between stationary second order moments proposed in [8] are resorted to.
The objective function is defined herein as the weighted sum of squared differences between the measured data from a simulated experiment and the corresponding analytical parametric values of nodal stationary second order displacements and velocity under Gaussian input. The weights can be chosen accordingly to the sensitivity of the related measure with respect to structural parameters. The procedure has already been applied to semi-rigid connections identification [9] , and its robustness against measurement noise have been assessed [10] .
In this paper the method is applied to damage identification in a frame grid modeling a span bridge. The simulated experiments allow different damage entity and position, whereas a low number of measurement point is foreseen. A single frame element is given a reduced stiffness modulus so to reproduce damage. The numerical investigation always gives back the correct identification for damage entity and position when the structure is loaded by a white noise load concentrated on a node.
SECOND ORDER MOMENT DYNAMIC EQUATION
Let us consider an n-DOF structural system whose dynamic behaviour is predicted by an FE linear model, characterized by the mass, damping and stiffness () nn  matrices M , C and K , respectively. Moreover, let us assume that the structure is subjected to a zero mean stationary Gaussian white noise excitation () Wt with intensity 0 2 qS   , 0 S being the constant power spectral density. The motion differential equations of the system are:
where () t u , () t u and () t u are the n-vectors of nodal displacements, velocities and accelerations, respectively, and τ is the influence forcing n-vector.
Let us introduce the modal coordinate transformation
where () t q is the m-vector of the modal coordinates, with mn  , and Φ is the reduced modal matrix, of order nm  , solution of the following eigenproblem:
normalized with respect to the mass matrix
is the diagonal matrix listing the squares of the first m natural frequencies of the predicted structure. Substituting Eq.(2) into Eq.(3), the latter becomes
where T  p Φτ and T  Ξ Φ CΦ . Eq.(4) rules the dynamic behaviour of the predicted FE model in the modal space.
By using the 2m-dimensional vector state approach, Eq.(4) can be written in the following matrix form:
is the 2m-vector of the modal state variables and
being m I the identity matrix of order m . If the physical properties of the system, such as mass, damping and stiffness, are known, the response process is a Gaussian stationary one and its probabilistic characterization is determined once the stationary second order moments of the nodal displacements and velocities are evaluated. The latter are related to the second order moments of the modal coordinates. In fact, by introducing the 2n-vector of the nodal state variables ( ) 
, the following relation holds [2] ,2 ,2 ( ) ( ) tt  YZ m Γm (7) In Eq. (7),
is the 2 4n -vector which collects all the second order moments of the displacements and velocities of the nodal coordinates, and [2] , 2 2 ( )
-vector which collects the second order moments of the displacement and velocities of the m selected modal coordinates, where the symbol  means Kronecker product and the exponent in square brackets means Kronecker power [11] , [12] . Furthermore,
is a transformation matrix of order 22 nm  , so that ( ) ( ) tt  Y ΓZ , and [2]  Γ Γ Γ .
The differential equations describing the time evolution of the vector ,2 () t Z m can be written as follows [13] , (10) Note that all the cross moments appear twice in the vector ,2 () t Z m . Then a condensation can be employed in order to reduce the size of the problem by clearing away the repetitions. So operating the problem dimension reduces from 2 4m to 2 2 N m m  . The stationary response is given as solution of the algebraic equations obtained removing the time dependence from Eq.(9): (11) and the vector ,2 Y m of the stationary second order moments of the nodal displacements and velocities can be evaluated by Eq. (7) . From the previous equation it appears that the evaluation of the stationary second order moments of the modal coordinates and its velocities requires the inversion of the matrix 2 D .
STIFFNESS PARAMETERS VARIABILITY
Let us assume, in agreement with realistic models, the mass parameters exhibit negligible fluctuations and can be considered known. On the contrary, the stiffness of the elements commonly suffer from significant uncertainty, and their values may deviate from predicted ones. For example, this is the case of variation introduced by damage. The damage identification could be accomplished exploiting by an inverse parametric analysis aimed to detect its location and entity starting from the knowledge of statistical response measures at some points of the structure excited by a white noise, according to the SMBDD method [6] .
In the following, the SMBDD method is improved according to an explicit parameterization of the stationary second order moments of the structural response, which are expressed as analytical functions of element stiffnesses. The Global stiffness matrix can deviate from the predicted value K and it can be written in the following form:
where () K  is the updated global stiffness matrix, while K and () i K are known matrices determined by assembling the frame stiffness matrix and 12 []
is the vector collecting the stiffness parameter fluctuations. In Eq.(12), K represents the predicted value of the stiffness matrix and the summation denotes its fluctuating components. Accordingly, the updated dynamic matrix () D α can be written as:
where D is the predicted dynamic matrix and
Φ being the modal matrix relative to the predicted structure.
Stationary Stochastic Response
The stationary second order moments of the modal response are solution of the following set of algebraic equations :
Eq.(16) is the parametric counterpart of Eq.(11), with unknowns given by the vector of the second order moments of the nodal response ,2 () Z m α . Solving the system governed by Eq.(16) means to obtain the explicit relationships between the vector ,2 () Z m α and the parameter vector α . This cannot be generally done by inverting 2 () D α , which is a parametric matrix of large dimension, so that different procedures solving this problem in an approximate way have been proposed in the literature. The approximate analytical solution presented by [8] , briefly recovered in the next section, is adopted herein.
THE EXPLICIT ANALYTICAL SOLUTION
Let us consider the case in which only one fluctuating parameter i  is present,so that Eq.(16) is rewritten as:
The vector of the second order moments of the modal response can be written as follows:
where ,2 Z m is the vector of the stationary second order moments of the predicted structure ii   A D D (assuming that the condensation has been employed, i.e. 2 2 N m m  ):
A is a non-defective matrix, the following ortonormalization condition can be applied: 
If more parameters are present, as a first approximation the cross effects can be neglected and the superposition principle can be applied. Therefore, the solution in the modal coordinates is given by the sum of the single contributions, that is:
where R is the number of the fluctuating parameters and the generic () ,2 ()
is given by Eq.(28). Taking into account Eq. (7), the solution in terms of nodal displacement and velocities is [2] 
Eq.(30), which gives an approximate solution if 2 R  because the joints effects of the parameter fluctuations are neglected, is sufficiently accurate for solving the inverse problem arising in structural identification. Eventually, more accurate solutions can be obtained by introducing cross terms [8] .
INVERSE MEASUREMENT PROBLEM
The approximate explicit solution produced by Eq.(30) can be exploited for element stiffness identification starting from the knowledge of experimental measurements of the stationary second order moments of the response at some points of the structure. Assume that some measurements
are available, where ˆk y is the measured displacement or velocity of the k-th degree of freedom of the structure (the cap over the variable means "experimental"). The corresponding parametric expressions ,2 () k y m  is evaluated as components of the vector given by Eq. (30) . The inverse problem consists in retrieving the parameters  from given displacement or velocity measurements. Then, the identification of the R parameters may be obtained using the least squares estimation approach, where the objective function is to be minimized and R N is the number of measurements.
APPLICATION: IDENTIFICATION OF DAMAGE IN A BRIDGE
The proposed damage identification procedure has been applied to a span of a bridge, discretized by beam finite elements, simply supported on two piers at its end (see Fig.1 and 2) . The simulated experiment has been performed in relation to the FE model depicted in Fig. 3 , where a 18 element discretization has been used. The data of the longitudinal beams are: second moment of area For simplicity, a damage due to a reduction of the Young modulus of a beam can be similarly taken into account. The bridge has been subjected to a vertical point force applied at a given node of the model, represented by a white noise. Of course more general loading could be treated. Suitable damping properties of the structure have been assumed in the cases above considered and a lumped mass matrix has been implemented.
The identification strategy relies upon the least squares estimation approach which is carried on for all possible damage scenarios by assuming a single value for the Young modulus at all the elements but the one where the damage is tentatively located. The real damage position is singled out by selecting the damage scenario with smaller residue (see Eq. (31)).
The numerical examples assume a limited number of measurements, namely 4 R N  , as given by second order stationary displacement at nodes 2, 3, 6 and 7.
The investigation starts from considering that the damage is located alternatively at the 10th ). Identification of the damage entity and position is determined in the element in which one has the smallest value of the residue in the minimization problem Eq.(31). FE 
10-th
Error Table 1 and 2 show the results of the identification procedure here proposed, for different location and entity of damage  for point force applied at node 3 and at node 10, revealing as the accuracy of the method increase when the value of damages decrease. The method is capable to catch also small values of the damage, common in real cases. Table 3 and 4 show the results of the identification procedure here proposed at element 17-th for a point force applied at node 3 and at node 10, and entity of damage ˆ0.2   .
CONCLUSIONS
The statistical moment-based damage detection method has been applied to identify the stiffness of a grid structure modelling the span of a bridge. The numerical applications reveal that the method is effective when damage localization should be achieved with satisfactory accuracy. The simulated experiments are related to different scenarios where a single frame is given a reduced stiffness so to reproduce a fictitious damage. In all the cases considered, the proposed method, taking advantage of accurate approximate relationship between nodal second order statistical moments and element stiffnesses, is able to spot damage position and its entity.
